Abstract. Since all ocean wave components contribute to the second-order scattering of a high-frequency radio wave by the sea surface, it is theoretically possible to estimate the ocean wave spectrum from first-and second-order scattering in the Doppler spectrum measured with an HF ocean radar. To extract the wave spectral information, however, it is necessary to solve a nonlinear integral equation. This paper describes in detail how to solve the nonlinear integral equation without linearization or approximation. We show that the problem of solving the nonlinear integral equation can be converted into a nonlinear optimization problem. An algorithm to find the optimal solution is described. Examples of the algorithm applied to simulated data and measured data are shown. The wave frequency spectrum can be estimated even if the Doppler spectrum is available in only a single direction. In this case, however, the solution of the two-dimensional wavenumber spectrum tends to converge to a spectrum that is symmetrical to the beam direction. Even if the wave spectrum is dominant in a single direction, the solution may give two peaks in the wavenumber spectrum. One of them is the true peak and the other is the mirror image of it with respect to the beam direction. This ambiguity can be avoided by using Doppler spectra measured in at least two different directions. Although there is still some room for improvement in the practical application of this method, it can be applied to estimate the wave directional spectrum up to a rather high frequency, or Bragg frequency.
Introduction
Ocean waves can be expressed by a superposition of linear fundamental waves as the first approximation. Consequently, they are usually described in terms of an ocean wave spectrum. Since wave frequency spectra can be measured rather easily, there have been many studies on wave frequency spectra and their characteristics [e.g., Kahma, 1992] .
On the other hand, because it is difficult to measure directional spectra, there are only a few studies of two-dimensional wavenumber spectra, even though the measurement of two-dimensional wave spectra is essential in revealing the nature of wind waves.
Demands for the measurement of directional spectra are not limited to scientific studies but also can be found in many marine activities such as vessel navigation and in engineering projects. Remote sensing is one technique to estimate ocean wave spectra, and a high-frequency Copyright 1996 by the American Geophysical Union.
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(HF) ocean radar has the potential to routinely measure directional spectra. To estimate an ocean wave spectrum from HF radar data, it is necessary to solve a complicated two-dimensional nonlinear integral equation. This inversion problem has been studied by a number of researchers [e.g., Lipa, 1977 Lipa, , 1978 Wyatt, 1990; Howell and Walsh, 1993] . In these studies the linearization or approximation of the integral equation is used because of the difficulty in solving such a complicated, large-scale, nonlinear integral equation, and because previous studies aim at tractability in the estimation of a wave spectrum.
Lipa [1977, 1978] was the first to demonstrate that a directional spectrum can be estimated from a second-order echo. However, she concentrated on estimating directional information only for short saturated waves and assumed that directional properties are not dependent on wave frequencies for long unsaturated waves. However, this assumption is not generally valid both when swell components are present and when only wind waves are present [e.g., Mitsuyasu et al., 1975] . Wyatt [1990] explicitly assumes a wave spectral form at high frequen-cies, and the nonlinear integral equation is then modified into a linear integral equation which can be solved by the relaxation method. Her method fails when the explicitly assumed wave spectral form at high frequencies is not representative of the true wave spectrum. Howell and Walsh [1993] linearized the integral equation by removing one of the directional spectral product factors in the integrand as a spectral value at a certain wavenumber vector. The linearized integral equation was then modified into a matrix equation, and the matrix equation was solved by a singular value decomposition. Their approximation is valid only for much longer waves compared with radio wavelength. Accordingly, a method without linearization or approximation needs to be developed. Full nonlinear inversion is the ultimate goal of HF ocean radar researchers . In this paper we describe a method in detail to solve the nonlinear integral equation to estimate the ocean wave spectrum from HF radar data. To my knowledge, this is the first approach of this kind to the problem in this field. In section 2 the formulation of HF radio wave scattering by the sea surface is reviewed. In the following section the formulation of the nonlinear optimization problem is presented. An algorithm to solve this large-scale nonlinear optimization problem is proposed and summarized in section 4. Numerical examples of the estimation of directional spectra are presented in section 5 for simulated and measured Doppler spectra. The conclusions, significance of this study, and subjects for the future study are summarized in section 6.
Backscattering of HF Radio Waves by the Sea Surface
Sea surface waves can be expressed by superposing fundamental (linear) waves as the first approximation and by superposing bound waves as the second approximation. Bound waves are generalized Stokes-type harmonics. A bound wave component is the product of a nonlinear coupling by two fundamental wave components [e.g., Weber and Barrick, 1977] . Both fundamental waves and bound waves contribute to the scattering of HF radio waves.
The scattering of HF radio waves by the sea surface is caused by Bragg scattering [Crombie, 1955] . 
where •7 is the gravitational acceleration, d is the water depth, and k0 is the magnitude of k0. The fundamental wave components whose wave frequency is •oB and wave vector is plus or minus 2k0 are termed "Bragg wave components." There are also smaller peaks surrounding the first-order peaks in Figure 1 . They are called second-order scattering. They are primarily caused by bound waves whose wavenumber vectors are plus or minus 2k0 [Hisaki and Tokuda, 1995a] . All fundamental wave components contribute to the bound waves whose wavenumber vectors are plus or minus 2k0; that is, all fundamental wave components contribute to first-or second-order scattering. Therefore it is theoretically possible to estimate a wave spectrum composed of fundamental waves from the Doppler spectrum at a single radio frequency by using firstand second-order scattering. The Doppler spectral density P( 
The sub script N denotes normalization in this manner, and details of the normalization are described by Lipa and Barrick [ 1986] and Hisaki and Tokuda 
Discretization of Integral Equation
We first discretize the frequency angle (wN-O) plane. It is not necessary that the discretized grid points in the wN-O plane be uniform along the frequency direction. However, the inversion is easier if WN = 1 is included. On the other hand, the grid points along the angle direction must be uniform, and the discretized angles are expressed as 
where F I = (F 1 , ß .., Foeoe)r is a discretized form of (38) and ( second-order Doppler spectra show a good agreement (Figure 7 ). There is no spectral peak at (WN, 0) = (0.2, --60 ø) in the retrieved wave in Figure 8 . This shows that by using multiple-beam directional data, convergence to a spurious solution whose directional distribution is symmetrical to the beam direction can be avoided. However, we cannot in general determine the universal optimal crossing angle for a dual-beam direction case, since the optimal crossing angle depends upon the wave direction. For example, if the wave directional properties are symmetrical with respect to the beam direction, it is not necessary to use dual-beam directional data. In this case a crossing angle close to zero degrees is the optimal crossing angle.
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An Example of Retrieval From Measured Doppler Spectra
The nonlinear inversion technique is applied to Doppler spectra measured in the Yura experiment. The experiment was undertaken in March 1991. The details of the experiment are described by Hisaki and Tokuda [1995b] . Since the accuracy of the measured directional spectra are poor, we compare only the frequency spectra. Therefore we use single-beam directional data. The estimated frequency spectrum agrees well with the frequency spectrum measured with a buoy. The second-order Doppler spectrum measured by radar and the second-order Doppler spectrum retrieved from the estimated wave spectrum also show agreement. However, the closeness between the measured and retrieved wave spectra depends on the initial parameters to some extent. The determination of the parameters such as the Lagrange multipliers is a subject for future study. That is to say, there are fewer equations for discretized integral equations (38) and (41) than the number of unknowns. Consequently, the dependence of the solution on the choice of the parameters may be inevitable in the cases presented in this paper. To determine the parameters from the measured data, we need to increase the number of independent measurements of the same area of the sea under different conditions. One possible solution to this problem is to use multiple radar systems or to measure the Doppler spectrum in several directions assuming stationary and homogeneous sea waves.
3. Elimination of noise in Doppler spectra. Since the second-order scattering signal is very small during calm sea conditions, it is difficult to estimate the wave spectrum of a calm sea. One method for avoiding this difficulty is to use several frequencies and select the frequency that gives the best SN ratio. This method, however, is not feasible in Japan because of the very limited allocation of radio frequencies for radar use. A method of reducing noise should be developed.
4. Development of a faster algorithm. The proposed algorithm is simpler and faster than the Marquart method or the conjugate gradient method.
However, it takes about 10 min to process a typical example presented in this paper with a SPARC station ELC. A faster algorithm should be developed.
Although nonlinear inversion may not be as effective when the Doppler frequency range for the calculation is limited because of a low SN ratio of the measured Doppler spectrum, the algorithm presented here can contribute to the development of a new method for estimating the wave spectrum.
Although linear and nonlinear inversion are not compared in this paper, they deserve future study.
The effectiveness of the nonlinear inversion will be presented in the future, because the method can be easily extended to apply to multiple-frequency or multiple-beam radar systems. Furthermore, the ranges of Doppler frequencies used in the calculation will be increased as computer capabilities improve and noise is reduced. Therefore with radar systems with improved SN ratios, HF ocean radar has the potential to become a powerful tool for estimating wave directional spectra, including higher frequencies, by making use of multiplefrequency radar systems and multiple-beam directional Doppler spectra combining multiple radar systems and changing beam directions. In this case we can demonstrate the effectiveness of nonlinear inversion.
